
OCTOPUS: Optimized KV Cache for Transformers
via Octahedral Parametrization Under optimal

Squared error quantization

Mark Boss
Stability AI

Vikram Voleti
Stability AI

Simon Donné
Stability AI

Shimon Vainer
Stability AI

Abstract

The key-value (KV) cache dominates memory bandwidth and footprint in long-
context autoregressive inference. Recent rotation-preconditioned codecs (Turbo-
Quant, PolarQuant) show that a structured random rotation followed by a per-
coordinate scalar quantizer matched to an analytically tractable marginal is a near-
optimal recipe for KV compression. OCTOPUS advances this paradigm through
joint quantization of rotated coordinate triplets. Each triplet’s direction is mapped
to a square via an octahedral parameterization, and the two resulting coordinates
and the triplet norm are Lloyd-Max quantized against implementation-matched
marginals. Optimizing the per-triplet squared error gives a strictly non-uniform
bit allocation depending only on the total dimensionality of the keys. We find
the finite-dimensional quality optimum with sweeps to be constant on every real
decoder we test. The codec is data-oblivious, online, and deterministic given a seed.
Across text, video, and audio, OCTOPUS matches or beats every prior rotation
codec at every reported bit width and metric, with a lead that grows as bits drop for
extreme compression. Furthermore, a fused Triton implementation reconstructs
keys on the fly without materializing the uncompressed key, so the codec adds no
decode-time bandwidth or latency over the existing dequantization. Project Page:
https://octopus-quant.github.io/

1 Introduction

Long-context autoregressive inference, such as in large language models (LLM) [9], causal video
generation models [39, 48], or audio generation models [31], is dominated by reading the key-value
(KV) cache from high-bandwidth memory at every decoding step [12, 25]. KV compression is
therefore the primary target for both latency and batch-size optimization, and prior works address it
through token eviction [23, 37, 46], per-channel scalar quantization with residuals [17, 20, 27], and
more recently rotation-preconditioned quantization codecs [15, 42, 43].

Rotation-based codecs depend on a structured random orthogonal R (typically a sign-flipped Walsh-
Hadamard transform due to efficiency [4]) to make the marginal of every rotated key coordinate
isotropic and analytically known. A 1-D Lloyd-Max quantizer [28, 29] matched to that marginal is
then near-optimal at matched bit width. In this way, TurboQuant [43] gets a symmetric Beta marginal,
PolarQuant [15] does the analogous construction on recursive polar angles, and the QJL 1-bit residual
makes the dot product unbiased at near-zero memory cost [42]. All three quantize one coordinate (or
one angle) at a time. OCTOPUS instead quantizes coordinate-triplets jointly.

Two observations motivate OCTOPUS. First, the rotation pre-conditioning evenly spreads entropy
across the coordinates: the norm of a small sub-block carries asymptotically less entropy with rising
channel count. We show that a codec that quantizes sub-block norm and direction separately, with
non-uniform bit allocation between them, beats the per-coordinate quantizers at matched rate. Second,
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the octahedral map from computer graphics [5, 10] is an equal-area parameterization of S2 that can
encode a unit 3-vector as two scalars on [−1, 1]2 inO(1) arithmetic operations, with piecewise-linear
encode/decode and a near-uniform Jacobian that makes 1-D Lloyd-Max on the induced marginals
a close approximation to true 2-sphere distortion. Therefore, OCTOPUS splits the pre-conditioned
signal into triplets, and Lloyd-Max-quantizes the triplet norm and the octahedrally-mapped triplet
direction coordinates with non-uniform bit depth. There is no data-dependent calibration or per-vector
scale: codebooks depend only on d and the bit budget. Our contributions are:

• Octahedral triplet direction quantizer as a KV cache primitive, with implementation-matched
norm and direction marginals. The compress-decode pipeline is implemented as fused Triton
kernels [6, 32, 34] that reconstruct keys on the fly from packed bit indices and never needs to
materialize the full key tensor.

• An MSE-optimal non-uniform bit split. A Lagrangian on the per-triplet squared error yields
a finite-dimensional stationarity condition that supports the implemented (b+1, b−1) split at
d=128.

• Optional 1-bit QJL residual (OCTOPUS-QJL) that drives the seed-averaged dot-product bias to
zero at the cost of one sign bit per rotated coordinate.

• Generalization beyond LLMs. Prior rotation-preconditioned KV codecs are evaluated only on
language models, but the construction is agnostic to the source of the keys: any autoregressive
transformer with attention should benefit. We confirm this empirically. OCTOPUS is the best
rotation-based codec at matched bit widths K=V ∈ {4, 3, 2} in long-context language modeling
(Qwen2.5-7B-Instruct-1M [9]), chunk-wise video diffusion (CausVid [39]), frame-wise causal
video forcing [48], and next-scale autoregressive audio [31], with larger gaps at lower bit budgets.

Section 2 situates OCTOPUS in the literature; Section 3 develops the codec; and Section 4 reports
end-to-end numbers across the four modalities. Appropriate proofs are found in the Appendix.

2 Related Work

KV-cache compression. Token eviction [3, 23, 26, 37, 46] keeps only tokens that are likely to
contribute to future attention. Per-channel scalar quantization with per-token residuals attacks the
distribution of individual key coordinates [8, 17, 20, 27, 38, 40, 45]. Sparse coding [22] trades a
bigger code table for ultra-low rates. Rotation-preconditioned codecs [2, 15, 16, 33, 35, 42, 43]
project keys by a data-oblivious random orthogonal operator so that the marginals fed to the quantizer
are analytically known; OCTOPUS belongs to this last family.

Rotation-preconditioned quantization. TurboQuant [43] proves that a random orthogonal rotation
makes every coordinate of a unit vector marginally symmetric-Beta on [−1, 1], so the MSE-optimal
1-D Lloyd-Max [28, 29] codebook depends only on (d, b) and lands within a small constant of the
Zador-Gersho [13, 41] bound. The structured Walsh-Hadamard transform with random sign flips is the
standard fast preconditioner [2, 4, 33]. PolarQuant [15] parameterises the rotated direction recursively
in polar coordinates instead. OCTOPUS reuses the Walsh-Hadamard rotation but quantizes blocks of
three rotated coordinates jointly via an octahedral direction+norm split, which we show gives strictly
lower MSE at matched bit rate.

Unit-direction encodings and unbiased estimators. Octahedral and related equal-area parame-
terizations of S2 are the de-facto compact direction encoding in real-time rendering [5, 10]; to our
knowledge OCTOPUS is the first use of the octahedral map as a direction quantizer in transformer
decoding. Orthogonal to MSE-optimal codecs, QJL [42] shows that a 1-bit Johnson-Lindenstrauss
sketch gives an unbiased inner-product estimator at essentially zero memory; we compose it with
OCTOPUS under the tag OCTOPUS-QJL. We borrow only the rotation idea from the broader
quantization literature on weights [4, 11, 24] and weight+activation quantization [2, 7, 36, 47]; the
codec, bit allocation and codebooks are specific to the KV cache and online by construction. Fused
attention kernels [6, 32] keep our reconstruction in registers.
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Compress k∈Rd into (γ, Idir, Inrm) via an MSE-optimal non-uniform bit split

1. Raw key
k ∈ Rd

· · ·

fp16,
d∈{64, 128, 256}

2. Split (Eq. 1)
γ := ∥k∥2

ũ := k/γ ∈ Sd−1

ũ

store γ as fp32 (4 B)

3. Rotate (Eq. 2)
u = Rũ

R=H diag(s)

WHT

O(d log d), sign-flipped

4. Partition
ntri = ⌈d/3⌉

triplets
ti∈R3

t0 t1 t2 t3

contiguous 3-coord blocks

5. Decompose
ρi = ∥ti∥2

ni = ti/ρi∈S2

Sec. 3.2, Lemma 3.1:

ρi∼
√

Beta( 3
2 ,

d−3
2 )

Non-uniform bit split (Eq. 10)

uniform (b, b): dir dir nrm

OCTOPUS: dir dir nrm

same total 2bdir+bnrm

γ fp32

6. Octahedral map : S2−→ [−1, 1]2 Eq. 5–6; piecewise linear, const. Jacobian per octant

A. direction on S2

x

z

y

ni

project

ℓ=|x|+|y|+|z|

B. octahedron ℓ=1

ni/ℓ

unfold

lower hemi. →
outer 4 triangles

C. square [−1, 1]2

(ξ̂, η̂)

ξ

η

upper

lower

lower

ρ-marginal Eq. 4

ρ

√
3/d

concentrated ⇒ few bits

MSE-optimal split Eq. 10

b⋆dir − b⋆nrm = O(1)

⇒ (bdir, bnrm)=(b+1, b−1)

7. Codebooks + joint rounding

Lloyd seeds, then local 3×3 joint round (Sec. 3.5)

Cξ(bdir): 2bdir on [−1, 1]

ξ

denser in the bulk

Cρ(d, bnrm): 2bnrm on [0, 1]

ρ

few bits suffice

8. Compressed state S(k)

three packed streams per key

γ fp32 (4 B)

Idir

2ntri ·bdir bits (b+1)

Inrm

ntri ·bnrm bits (b−1)

9. Optional: OCTOPUS-QJL

sketch the residual⇒ unbiased dot
product

residual: r :=u− û

R′=Hdiag(s′), s′ ̸=s

σ = sign(R′r)

+ − + + − + − − + −

d bits +γr (fp16); bias→0, var.O(1/d)

γ
si

de
-c

ha
nn

el

joint round append

(optional)

Decode (Alg. 2, split-K flash): q⊤k̂ = γ
∑ntri−1

i=0 ρ̂i q
⊤
rot,in̂i, n̂i=Oct−1(ξ̂i, η̂i) — centroids gathered, K̂ never materialised. + QJL:+γ

√
π/(2d) γr (R′qrot)⊤σ (bias-free).

Figure 1: The OCTOPUS encode pipeline. Stages 1–5 (top) realise the rotation and triplet de-
composition of Sec. 3.1–3.2: a key k is normalised (Eq. 1), preconditioned by a sign-flipped
Walsh-Hadamard rotation (Eq. 2), cut into ntri = ⌈d/3⌉ triplets, and decomposed into a triplet norm
ρi and a unit direction ni ∈ S2 (Sec. 3.2). Stage 6 (middle) maps each direction onto [−1, 1]2 via
the octahedral fold (Eq. 5–6); the analytic triplet-norm marginal (Eq. 4) and empirical oct-coordinate
marginal (Eq. 7) drive the Lagrangian bit allocation of Sec. 3.3, whose finite-dimensional stationarity
condition (Eq. 10) motivates the implemented (b+1, b−1) split. Stage 7–8 (bottom) emit the com-
pressed state S(k) = (γ, Idir, Inrm) via the Lloyd-Max codebooks of Sec. 3.4 followed by the local
3×3 joint rounding of Sec. 3.5. The optional QJL side-car (stage 9, Sec. 3.6) attaches a 1-bit sign
sketch of the rotated-frame residual for an ideal-model unbiased dot-product estimator. The bottom
strip summarises the fused decode kernel (Alg. 2, App. A).

3 Method

Figure 1 previews the pipeline. Given a key k ∈ Rd, the OCTOPUS encoder produces a compressed
state S(k) = (γ, Idir, Inrm): the global norm, a packed stream of octahedral-coordinate indices, and
a packed stream of triplet-norm indices. The decoder reconstructs a lossy k̂ inside attention and never
materialises K̂. We assume d is a power of two, as required by the Walsh-Hadamard transform.

3.1 Rotation preconditioning

We split each nonzero k into magnitude γ ∈ R+ and direction ũ ∈ Sd−1:

γ := ∥k∥2, ũ := k/γ. (1)

The magnitude is stored as float32 (4 B per key; = 0.25 bpc at d=128), so almost the entire
quantization budget goes to the unit direction. We precondition ũ by a sign-flipped Walsh-Hadamard
transform: with s ∈ {±1}d drawn once per attention head and H the normalised Hadamard matrix,

R := H diag(s), u := Rũ ∈ Sd−1. (2)
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R is orthogonal and its inverse runs in O(d log d) via an in-place butterfly. Inner products are
preserved (q⊤k = γ (Rq)⊤u), and each coordinate of high-dimensional u has the marginal

f(u) ∼ (1− u2)(d−3)/2 u ∈ [−1, 1]. (3)

3.2 Triplet decomposition and octahedral coordinates

TurboQuant’s MSE baseline quantizes u with a per-coordinate Lloyd-Max [43, Thm. 1]. OCTOPUS
instead quantizes triplets of rotated coordinates jointly. We partition u into ntri = ⌈d/3⌉ contiguous
triplets ti ∈ R3, zero-padding the last. For each triplet ti we again split its norm ρi ∈ R+ from its
direction ni ∈ S2. When ρi = 0, the implementation uses an ϵ-safe divisor and stores a placeholder
direction.
Lemma 3.1 (Triplet-norm marginal). For u uniform on Sd−1, ρ2i ∼ Beta(3/2, (d− 3)/2), so ρi
has density

fρ(r) =
2r2 (1− r2)(d−5)/2

B(3/2, (d− 3)/2)
, r ∈ [0, 1]. (4)

As d → ∞ the scale
√
E[ρ2i ] =

√
3/d vanishes, so radial errors contribute less absolute squared

error than direction errors.

Octahedral parameterization. We encode ni ∈ S2 as two scalars on [−1, 1]2 via the octahedral
map [5, 10]. With (x, y, z) = ni and ℓ = |x| + |y| + |z|, project to the octahedron {ℓ = 1} via
(px, py, pz) = ni/ℓ, then unfold to a square in [−1, 1]2:

Oct(ni) = (ξ, η) :=

{
(px, py) if pz ≥ 0,(
sign(px)(1− |py|), sign(py)(1− |px|)

)
if pz < 0.

(5)

The decoder inverts this: given (ξ, η) ∈ [−1, 1]2,

n(ξ, η) =
(ξ′, η′, 1− |ξ| − |η|)
∥(ξ′, η′, 1− |ξ| − |η|)∥2

, (6)

with (ξ′, η′) = (ξ, η) if 1 − |ξ| − |η| ≥ 0 and (ξ′, η′) = (sign(ξ)(1 − |η|), sign(η)(1 − |ξ|))
otherwise. The map is a piecewise linear bijection S2 → [−1, 1]2 with a constant Jacobian per
octant [5, 10]. The octahedral fold maps to a square code space, so per-coordinate Lloyd-Max on
(ξ, η) closely approximates the true 2-sphere distortion, while recursive polar parameterizations [15]
need transcendental operators and induce sin2

ℓ−1−1(2ψ) angle marginals.

Under the uniform prior on S2, the octahedral-coordinate marginal is non-uniform. Writing a = |ξ|,
the marginal induced by the implemented fold is

fξ(ξ) =
1

π
√
a2 + (1− a)2

(
1− a

1− 2a+ 3a2
+

a

2− 4a+ 3a2

)
, a = |ξ|, ξ ∈ [−1, 1], (7)

and η shares this marginal by symmetry. Rather than directly evaluate Eq. 7, the implementation
trains a Lloyd-Max 1-D codebook on empirical samples of Oct(n), n ∼ Unif(S2), and shares it
between ξ and η.

3.3 MSE-optimal bit allocation

OCTOPUS quantizes each triplet in a total budget of Btri = 2bdir + bnrm bits, where bdir bits go
to each octahedral coordinate and bnrm bits go to the triplet norm. We parameterise the allocations
around an integer b, with a uniform reference bdir=bnrm=b giving Btri=3b. This uniform split is
sub-optimal in the squared-error sense for any reasonable d.

MSE budget per triplet. Writing the encoder output as t̂i = ρ̂i n(ξ̂i, η̂i) and adding/subtracting
ρin̂i gives the bound

∥ti − t̂i∥22 ≤ 2(ρi − ρ̂i)2 + 2ρ2i ∥ni − n̂i∥22, (8)

tight up to a 1+o(1) factor at any reasonable bit width. Under the rotated-sphere prior ρi and
ni are independent, so expectations factor. By Panter-Dite high-rate distortion [14, 30], a 1-D
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Lloyd-Max quantizer with b bits and source variance σ2 incurs D ≈ Cσ24−b. The first term
therefore contributes 2Cρ σ

2
ρ 4

−bnrm with σ2
ρ to the variance of Eq. 4. The two scalar codebooks

on (ξ, η) pull the squared error back to S2 through the constant-per-octant Jacobian; absorbing that
Jacobian and the factor of two into an effective directional variance σ2

n, the second term contributes
2E[ρ2i ]Cn σ

2
n 4−bdir = (6/d)Cn σ

2
n 4−bdir . By Eq. 4, σ2

ρ = O(d−1) while σ2
n = O(1), so direction

errors remain order-one on S2 even after the weighting of ρ2i .

Lagrangian optimum. Minimizing
E
[
∥ti − t̂i∥22

]
∝ 2Cρ σ

2
ρ 4

−bnrm + (6/d)Cn σ
2
n 4−bdir (9)

subject to 2bdir + bnrm = Btri gives

b⋆dir − b⋆nrm = log4

(
3Cn σ

2
n

2dCρ σ2
ρ

)
. (10)

Substituting the known σ2
ρ = O(d−1) and σ2

n = O(1), the asymptotic bit gap is independent of key
dimensionality d and also notably independent of total bit budget Btri: b⋆dir − b⋆nrm = O(1).

Empirical verification. On synthetic Gaussian keys at d=128 we sweep the diagonal (b+δ, b−δ),
δ ∈ {−2, . . . ,+2}, around each uniform reference b ∈ {2, 3, 4}. The MSE landscape is sharply
convex in δ with minimum at δ=+ 1, i.e. at (b+1, b−1), for every b tested; relative to uniform (b, b)
the implemented split reduces MSE by 31–41%, while every other diagonal step raises it (by +44
to +73% at δ= + 2, and by an order of magnitude or more at δ= − 2). The complete sweep is in
App. D; Section 4 shows that the same (b+1, b−1) split minimizes downstream error across every
modality we test.

3.4 Codebooks

Two Lloyd-Max codebooks suffice: Cρ(d, bnrm) on [0, 1] matched to Eq. 4, and Cξ(bdir) on [−1, 1]
matched to the empirical ξ marginal. Both are trained off-line via the standard alternating assign-
ment/update Lloyd-Max iteration to distortion 10−10, are serialized to disk, and are tiny (≤ 32+8
fp32 centroids per (d, b), ≈ 160B). They depend only on (d, bdir, bnrm), without data-dependent
calibration.

3.5 Joint rounding of (ξi, ηi, ρi)

Given the bit split and the codebooks Cξ, Cρ of Sec. 3.4, the encoder still chooses which code tuple
(ξ̂i, η̂i, ρ̂i) to emit. Three independent nearest-centroid rounds under Eq. 7 and Eq. 4 are marginal-
optimal but not joint-optimal: the decoder of Eq. 6 is nonlinear in (ξ, η) and multiplicative in ρ, so
the product-of-scalar-rounds does not in general minimize

ℓ(ξ̂i, η̂i, ρ̂i) := ∥ti − ρ̂i n(ξ̂i, η̂i)∥22. (11)
This is the octahedral analog of the “optimal rounding” pass for tangent-frame codecs in graphics [21],
extended to include ρ in the joint.

Simplification. Expanding Eq. 11 with ∥n(·)∥2 = 1 gives

ℓ = ρ2i − 2ρ̂i si(ξ̂i, η̂i) + ρ̂2i , si(ξ̂i, η̂i) := t⊤i n(ξ̂i, η̂i). (12)
For any fixed direction candidate, the optimal ρ̂i is the Cρ centroid nearest to si (not to ∥ti∥2), and
the joint minimum reduces to maximizing si on the direction candidates: (ξ̂i, η̂i) = argmax si, then
ρ̂i = argminc∈Cρ

|c− clip[0,1](s
∗
i )|. Direction selection therefore decouples from ρ selection.

Local 3×3 candidate set. The full direction argmax runs over 22bdir candidates. In practice, the Lloyd
scalar seed (iξ, iη) is at most one index away from the joint optimum at every bit width we measured,
so OCTOPUS enumerates only the nine candidates {(iξ + δx, iη + δy) | δx, δy ∈ {−1, 0, 1}},
clamped to the codebook range. Across 104 random rotated triplets in d=128 and bdir ∈ {2, . . . , 5},
this search was byte-identical to the full grid search in all buckets at a fraction of the cost (App. E).

Format invariance. Only the encoder changes; the bitstream layout, codebooks, and decoder of
Eq. 6 are untouched, so joint rounding does not require a decoder change. Every deployed OCTOPUS
state (with or without QJL) is decoded by the same fused attention kernel of Sec. 3.6. Algorithm 1 in
App. A writes out both variants; we run local_3x3 as the default throughout Section 4.
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3.6 Score path and the optional 1-bit QJL residual

At decode time, the rotated-frame inner product factorizes over triplets:

q⊤k̂ = γ q⊤rotû = γ

ntri−1∑
i=0

ρ̂i q
⊤
rot,in̂i, (13)

where qrot = Rq and n̂i = Oct−1(Cξ[Idiri,0 ], Cξ[Idiri,1 ]), ρ̂i = Cρ[Inrmi ]. Only 2ntri direction- and
ntri norm-centroid loads are required; K̂ never materialized. The encoder and a fused split-K flash
decoder are in App. A.

1-bit QJL residual (OCTOPUS-QJL). MSE-optimal scalar quantizers are biased in the dot prod-
uct [43]. We optionally attach a QJL [42] sketch of the rotated-frame residual r := u − û. With
R′ = H diag(s′) a second rotation with independent seed, we store σ = sign(R′r) ∈ {±1}d and a

residual norm γr = ∥r∥2 (fp16). The QJL estimator q̂⊤rotr =
√
π/(2d) γr (R

′qrot)
⊤σ is unbiased

under the ideal QJL model, with variance O(1/d); the implementation uses the same scaling with a

structured WHT rotation and an fp16-rounded γr. The corrected score is q⊤k̂ + γ q̂⊤rotr.

4 Experiments

We compare OCTOPUS and OCTOPUS-QJL against three rotation-preconditioned codecs shar-
ing the same Walsh-Hadamard rotation, V codec, and residual window: TurboQuant-MSE [43]
(per-coordinate Lloyd-Max), TurboQuant-QJL [42, 43] (MSE stage + 1-bit JL residual), and Polar-
Quant [15] (recursive polar). The only variable across rows is the K codec, and every comparison is
matched at the same symmetric K=V bit width.

Modalities. (i) A synthetic probe of isotropic Gaussian keys at d=128, the regime in which the
rotation-Beta-Lloyd baseline is provably near-optimal. (ii) Long-context language modelling with
Qwen2.5-7B-Instruct-1M [9]: 7B parameters, GQA [1], 28 layers, dh=128, 1M native context.
(iii) Two Wan-1.3B autoregressive video DiTs at dh=64 and 30 blocks: chunk-wise CausVid [39] (3-
frame chunks) and frame-wise Causal Forcing [48]. (iv) The 16-block next-scale autoregressive audio
model AAR [31]. Default recipe: short residual window of native-precision tokens/frames/scales and
value-side group size ∈ {16, 32}. The video and audio cross-codec rows use the unprotected default;
the LLM cross-codec rows use the boundary-1 K recipe described in Sec. 4.2 as a setup prerequisite.
Compression ratios are (fp16 KV bytes)/(compressed KV bytes).

4.1 Synthetic rate-quality and needle retrieval

We draw n=1024 Gaussian keys and 16 Gaussian queries at d=128 and average over 64 seeds,
reporting reconstruction cosine, per-coord MSE, and inner-product (IP) absolute error |q⊤k −
score(q,k)| with each codec’s paper-claimed estimator (cf. TurboQuant Fig. 1–2 [43]). For needle-
in-a-haystack we plant one key in T=2048 Gaussian distractors with 10% noisy query and report
softmax mass on the needle, averaged over 128 seeds (the fp32 baseline concentrates 0.960).

Table 1 and Fig. 2: OCTOPUS has the best reconstruction fidelity of any rotation codec at every bit
width, with MSE 1.3× below the per-coordinate-optimal TurboQuant-MSE at b=4 and 2.4× below
PolarQuant at b=2. OCTOPUS-QJL drives the IP error 3× below TurboQuant-QJL at a matched
rate (the latter spends one bit on its stage-1 quantizer, leaving the reconstruction one bit worse). On
the synthetic needle, OCTOPUS-QJL tracks the fp32 baseline to within 0.001; at b=2, OCTOPUS
preserves 0.92 of the softmax mass vs. 0.86/0.87/0.33.

4.2 Long-context language modelling (Qwen2.5-7B-Instruct-1M)

Following Zandieh et al. [43, §5] we report WikiText-2 and C4 perplexity (PPL) (512-token blocks, 8
chunks) and a multi-key needle-in-a-haystack sweep [18, 19] (4k–128k context; 4+1 needles with
random 8-char magic values, exact-match scoring). Recipe: residual window 32, V group size 32, K
held at fp16 on both boundary blocks (“boundary-1”)—a stability prerequisite, not a contribution:
every rotated codec diverges to PPL >103 without it. All Table 2 rows share this setup.
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(b) Synthetic needle retrieval

Figure 2: Synthetic fidelity. (a) OCTOPUS-QJL is best at every bit width; OCTOPUS alone beats
every non-QJL baseline. (b) OCTOPUS-QJL tracks fp32 to within 0.001; TurboQuant-QJL drops to
near-uniform at b=2.

Table 1: Synthetic reconstruction fidelity at d = 128. Isotropic Gaussian keys/queries, averaged
over 64 seeds. Reconstruction MSE per coord. Best per bit-width block is bold, runner-up underlined.

bits codec cos (↑) MSE (↓) IP abs err (↓)

2 TurboQuant-MSE 0.9406 0.1161 3.054
2 TurboQuant-QJL 0.7994 0.3610 5.427
2 PolarQuant 0.8902 0.2197 4.200
2 OCTOPUS 0.9547 0.0897 2.682
2 OCTOPUS-QJL 0.9547 0.0897 2.015

3 TurboQuant-MSE 0.9831 0.0340 1.650
3 TurboQuant-QJL 0.9406 0.1161 3.072
3 PolarQuant 0.9715 0.0571 2.142
3 OCTOPUS 0.9871 0.0260 1.444
3 OCTOPUS-QJL 0.9871 0.0260 1.084

4 TurboQuant-MSE 0.9954 0.0094 0.866
4 TurboQuant-QJL 0.9831 0.0340 1.660
4 PolarQuant 0.9928 0.0145 1.079
4 OCTOPUS 0.9965 0.0071 0.753
4 OCTOPUS-QJL 0.9965 0.0071 0.565

Quality. OCTOPUS leads every rotation codec at every bit width (Table 2). In b=4 the WikiText-
2 gap is modest (+2.7% vs. +3.1/4.4/8.0%); in b=2 the separation is decisive (+34.7% vs.
+63/187/772%).

Needle-in-a-haystack. Multi-key random-value retrieval (4k–128k context, 4 samples per cell;
App. H). At b=4 all codecs reach 1.00. At b=3, OCTOPUS holds 1.00; PolarQuant drops to 0.86
average. At b=2 (Fig. 3), only OCTOPUS/0.81 and OCTOPUS-QJL/0.83 retain recall; PolarQuant
and TurboQuant-QJL collapse (0.04/0.01), tracking their perplexity divergence.

4.3 Autoregressive video and audio

Setup. The video experiments use two Wan-1.3B autoregressive DiTs with 30 blocks, dh=64, and
bf16 activations: CausVid [39], which generates in 3-frame chunks, and Causal Forcing [48], which
advances frame by frame. We compress the attention KV cache during generation with a residual
window of one native-precision frame, value group size g=32, and no boundary-block protection.
For each model and bit width, every codec is run on the same 100 prompts with byte-identical initial
noise; the reported deltas therefore isolate the codec rather than prompt or sampling variation. We
measure LPIPS [44], PSNR, SSIM, and latent cosine against the uncompressed rollout.

The audio experiment uses AAR [31], a 16-block next-scale autoregressive model. We follow the re-
leased CLAP-conditioned inference path: 100 random 10 s AudioSet-20k clips are encoded by CLAP
and used as conditioning, while the model generates the corresponding audio continuation/sample
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Table 2: Long-context LM on Qwen2.5-7B-Instruct-1M. WikiText-2 / C4 perplexity at context
4096, symmetric K=V . Every row uses the same recipe (residual window 32, V group size 32,
K-side protection on the outer transformer block at each end—a stability prerequisite for this model,
not a contribution). Deltas are vs. fp16. KV× = fp16 bytes / compressed bytes. Best per bit-width
block is bold, runner-up underlined.

bits codec WikiText-2 ∆% C4 ∆% KV×

– fp16 baseline 10.033 0.00 12.701 0.00 1.0×

4 TurboQuant-MSE 10.340 +3.1 12.921 +1.7 2.2×
4 TurboQuant-QJL 10.836 +8.0 13.699 +7.9 2.2×
4 PolarQuant 10.473 +4.4 13.091 +3.1 2.2×
4 OCTOPUS 10.306 +2.7 12.896 +1.5 2.2×
4 OCTOPUS-QJL 10.306 +2.7 12.893 +1.5 2.0×

3 TurboQuant-MSE 10.899 +8.6 13.761 +8.3 2.6×
3 TurboQuant-QJL 15.093 +50.4 20.308 +59.9 2.5×
3 PolarQuant 11.612 +15.7 14.716 +15.9 2.6×
3 OCTOPUS 10.753 +7.2 13.446 +5.9 2.5×
3 OCTOPUS-QJL 10.754 +7.2 13.474 +6.1 2.3×

2 TurboQuant-MSE 16.354 +63.0 22.536 +77.4 3.0×
2 TurboQuant-QJL 87.490 +772.0 184.034 +1349.0 3.0×
2 PolarQuant 28.759 +186.6 61.486 +384.1 3.0×
2 OCTOPUS 13.517 +34.7 17.976 +41.5 2.9×
2 OCTOPUS-QJL 13.511 +34.7 17.955 +41.4 2.6×

2.00 2.25 2.50 2.75 3.00 3.25 3.50 3.75 4.00
Average (K+V)/2 bit-width
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Figure 3: Qwen2.5-7B rate-quality and needle recall. OCTOPUS does not collapse at b=2 on
either PPL or retrieval; at b=4 all codecs retain baseline recall.

under compressed KV. The cache recipe matches the video sweep except for the autoregressive
unit and group size: residual window one native-precision scale, V group g=16, and no per-layer
protection. We report LSD, log-mel MSE, SNR, and latent cosine against the uncompressed AAR
output.

Findings. Table 3 reports per-prompt min/µ/max. At b=4 all codecs overlap (≤3%). At b=2 the
picture changes sharply: on Causal Forcing, TurboQuant-QJL reaches a worst-case LPIPS of 1.00
and a mean of 0.82—effectively random noise—while OCTOPUS stays at 0.58/0.82 (min/max).
On audio, the 10 s AudioSet-conditioned sweep is forgiving at b=4 (all codecs lie within 0.19 dB
LSD), but separates sharply at b=2: TurboQuant-MSE, TurboQuant-QJL, and PolarQuant rise to
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Table 3: Compressed-KV video and audio, symmetric K=V . Per-prompt min / µ / max across
all prompts. CausVid: residual window 1 frame; Causal Forcing: 1 frame, frame-wise; AAR: 100
random 10 s AudioSet-20k clips as CLAP-audio conditioning, residual window 1 scale, g=16. KV×
is the video (g=32) compression ratio. Mean (µ) is bold for best, underlined for runner-up per
bit-width block.

CausVid Causal Forcing AAR (audio)
LPIPS↓ PSNR↑ LPIPS↓ PSNR↑ LSD↓ SNR↑

b codec KV× min µ max min µ max min µ max min µ max min µ max min µ max

4 TurboQuant-MSE 2.4× 0.008 0.045 0.130 17.4 26.5 39.5 0.140 0.334 0.637 9.2 14.6 21.8 0.0 6.4 9.9 -2.1 2.1 120.0
4 TurboQuant-QJL 2.4× 0.014 0.096 0.265 15.5 22.6 34.8 0.213 0.421 0.663 8.1 13.1 18.6 0.0 6.2 10.0 -2.4 1.8 120.0
4 PolarQuant 2.4× 0.006 0.037 0.124 19.5 27.8 42.2 0.113 0.301 0.582 11.1 15.4 24.2 0.0 6.3 9.6 -2.2 2.2 120.0
4 OCTOPUS 2.3× 0.005 0.038 0.115 19.3 27.5 42.8 0.142 0.309 0.522 10.2 15.2 20.2 0.0 6.2 9.5 -2.8 2.2 120.0
4 OCTOPUS-QJL 2.2× 0.006 0.038 0.117 19.3 27.5 42.6 0.153 0.310 0.552 9.6 15.2 20.3 0.0 6.2 9.8 -4.0 2.2 120.0

3 TurboQuant-MSE 2.7× 0.013 0.098 0.263 15.5 22.6 35.5 0.207 0.423 0.661 8.5 13.1 18.8 0.0 6.5 10.0 -2.3 1.6 120.0
3 TurboQuant-QJL 2.7× 0.076 0.262 0.449 12.8 17.8 28.0 0.624 0.779 0.910 5.9 8.4 11.2 9.6 12.7 16.2 -19.5 -5.4 -0.1
3 PolarQuant 2.8× 0.013 0.093 0.263 16.1 22.8 34.9 0.218 0.402 0.691 9.0 13.1 19.5 0.0 6.3 10.1 -2.9 1.7 120.0
3 OCTOPUS 2.7× 0.012 0.078 0.228 16.5 23.7 36.0 0.196 0.390 0.628 8.4 13.5 20.8 0.0 6.4 10.1 -2.6 1.5 120.0
3 OCTOPUS-QJL 2.5× 0.012 0.078 0.225 16.5 23.7 36.4 0.207 0.389 0.624 8.8 13.5 20.4 0.0 6.4 10.1 -3.0 1.6 120.0

2 TurboQuant-MSE 3.2× 0.055 0.261 0.450 12.9 17.9 28.1 0.616 0.777 0.907 5.9 8.4 11.6 10.2 12.7 15.7 -17.6 -5.3 0.3
2 TurboQuant-QJL 3.2× 0.265 0.579 0.830 9.5 13.1 19.8 0.708 0.816 0.997 5.5 7.1 8.2 10.5 13.2 16.5 -28.9 -6.0 -0.2
2 PolarQuant 3.3× 0.045 0.251 0.469 13.0 17.9 28.3 0.575 0.727 0.898 5.5 8.6 11.2 9.9 12.6 16.0 -21.3 -5.3 2.3
2 OCTOPUS 3.1× 0.029 0.178 0.366 13.8 19.7 30.9 0.341 0.581 0.821 6.8 10.9 15.0 0.0 6.8 13.6 -9.6 1.1 120.0
2 OCTOPUS-QJL 2.8× 0.028 0.178 0.364 13.9 19.7 30.9 0.377 0.581 0.815 6.7 10.9 15.0 0.0 6.9 14.4 -8.2 1.0 120.0

12.6–13.2 dB mean LSD with negative mean SNR, while OCTOPUS remains at 6.75 dB LSD and
+1.07 dB SNR. Even PolarQuant, the strongest non-OCTOPUS baseline, degrades 1.4× faster than
OCTOPUS on mean LPIPS as bits decrease (CausVid: 0.25 vs. 0.18). Stills from the videos are
provided in App. K.

4.4 Cross-modality patterns

All four modalities show the same pattern. (i) OCTOPUS matches or beats every rotation baseline
in the low-bit regimes where compression quality matters most. Exceptions: b=4 video (Polar
within 3%) and AAR at b=3, where PolarQuant is slightly better on mean LSD/SNR under 10 s
AudioSet conditioning. (ii) Competing codecs degrade catastrophically below b=4: TurboQuant-
QJL collapses to perceptual noise on CF at b=2 (max LPIPS≈ 1.0); PolarQuant’s worst prompt at
b=2 hits LPIPS 0.90. OCTOPUS’s worst prompt stays at 0.82—still degraded, but coherent. The
extra bdir bit (Eq. 10) provides a disproportionate MSE reduction at tight budgets. (iii) QJL buys IP
accuracy, not reconstruction-path quality; OCTOPUS-QJL fits only score-attention deployments
(Table 6).

Limitations. The improved rate-quality point is not free in wall-clock time: OCTOPUS adds more
arithmetic than scalar Lloyd-Max decoding and remains slower than a bf16 SDPA path, so it is most
attractive when KV bandwidth or capacity is the bottleneck (App. G).

5 Conclusion

OCTOPUS is a rotation-preconditioned KV codec that quantizes the rotated unit direction in con-
tiguous triplets: an octahedral map [5, 10] collapses each 3-coordinate block to a pair of scalars
on [−1, 1]2, and Lloyd-Max [28, 29] quantizers matched to the norm and oct-coordinate marginals
reduce the triplet to three integers under the asymmetric (b+1, b−1) bit split. The codec inherits the
data-oblivious online guaranties of TurboQuant [43] and combines without modification with the
1-bit QJL [42] residual. Across text, video, and audio, it matches or beats prior rotation codecs, with
a lead that grows as bits drop. At b=2, OCTOPUS is often the only codec that does not collapse in
long-context recall, and the only codec that retains usable perceptual quality in autoregressive video.
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A Encoder and decoder algorithms

Algorithm 1 gives the encoder as it is implemented: one pass per key, with all intermediate state
(rotated vector, triplet norms, octahedral coordinates, integer indices) kept in registers. At decode
time, Algorithm 2 fuses bit unpacking, octahedral decode, centroid gather, value dequantization, and
online softmax into a single split-K flash-decoding kernel in the style of Dao et al. [6], Shah et al. [32].
Keys are reconstructed in registers on the fly, and the only per-step memory traffic is the packed KV
state and the running softmax statistics (m, ℓ, acc). A reduction kernel merges the per-split triples
with the standard flash-decoding identity. These kernels are an artefact of the implementation, not of
the algorithm: every number in Section 4 can be reproduced with a pure PyTorch reference of the
same mathematical operations at proportionally higher wall-clock cost.

Algorithm 1 OCTOPUS encoder with joint (ξ, η, ρ) rounding (Sec. 3.5), one program per key.
Line 14 is the 3×3 optimal-rounding refinement; setting the candidate set ∆ to {(0, 0)} recovers the
legacy scalar-rounding baseline.

Require: k ∈ Rd, sign vector s ∈ {±1}d, codebook centroids Cξ ∈ R2bdir , Cρ ∈ R2bnrm ,
boundaries Bξ,Bρ (midpoints of adjacent centroids), candidate set ∆ ⊆ {−1, 0, 1}2 (default
∆ = {−1, 0, 1}2).

1: γ ←
√∑d

i=1 k
2
i ▷ fp32 norm

2: ũ← k/max(γ, ϵ)
3: u←H (s⊙ ũ) ▷ in-register WHT butterfly with normalized H
4: for i = 0 to ntri − 1 do
5: ti ← u3i:3i+3; (x, y, z)← ti
6: (px, py, pz)← (x, y, z)/max(|x|+ |y|+ |z|, ϵ)
7: if pz ≥ 0 then
8: (ξi, ηi)← (px, py)
9: else

10: (ξi, ηi)←
(
sign(px)(1− |py|), sign(py)(1− |px|)

)
11: end if
12: jx ← searchsorted(Bξ, ξi); jy ← searchsorted(Bξ, ηi) ▷ scalar seed
13: s∗ ← −∞; (Jx, Jy)← (jx, jy)
14: for (δx, δy) ∈ ∆ do
15: j′x ← clip(jx + δx, 0, 2

bdir − 1); j′y ← clip(jy + δy, 0, 2
bdir − 1)

16: s← t⊤i Oct−1(Cξ[j′x], Cξ[j′y]) ▷ Eq. 6
17: if s > s∗ then (s∗, Jx, Jy)← (s, j′x, j

′
y)

18: end for
19: Idiri,0 ← Jx; Idiri,1 ← Jy
20: Inrmi ← searchsorted(Bρ, clip(s∗, 0, 1))
21: end for
22: return

(
γ, pack({Idir}, bdir), pack({Inrm}, bnrm)

)

Algorithm 2 OCTOPUS split-K flash decode, one program per (head, split).

Require: qrot ∈ Rd, (γt, Idir,t, Inrm,t)t∈chunk, V codec state, codebook centroids cξ, cρ.
1: (m, ℓ, acc)← (−∞, 0, 0)
2: for t in chunk do
3: Load packed bytes Idir,t, Inrm,t and γt.
4: Extract (Idirt,i,0, I

dir
t,i,1, I

nrm
t,i )ntri−1

i=0 via shift+mask.
5: Gather (ξ̂t,i, η̂t,i, ρ̂t,i) from (cξ, cρ).
6: n̂t,i ← Oct−1(ξ̂t,i, η̂t,i).
7: st ← γt ·

∑
i ρ̂t,i q

⊤
rot,in̂t,i.

8: (m, ℓ, acc)← onlineSoftmax(m, ℓ, acc, st/
√
d, v̂t).

9: end for
10: Emit partial (m, ℓ, acc) to split buffer.
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B Mathematical details

Proposition 1 (Inner-product invariance). For any q,k ∈ Rd and s ∈ {±1}d, q⊤k =
(Rq)⊤(Rk) = γ (Rq)⊤u.

Any quantization of u at decode time can therefore be combined with a matching rotation of the
query, and the dot product is unbiased in expectation.
Proposition 2 (Marginal concentration [43, Thm. 1]). If ũ is uniformly distributed on Sd−1 and s is
independent uniform on {±1}d, each coordinate ui of u = Rũ has the symmetric-Beta density of
Eq. 3.

Proof of theorem 3.1. Let g ∼ N (0, Id) and set u = g/∥g∥2. Then u is uniform on Sd−1. Since
the random-signed WHT R is orthogonal, it preserves this distribution, so the rotated direction Ru
has the same law as u. It therefore suffices to consider any full three-coordinate block of u.

For such a triplet,

ρ2i = u23i+1 + u23i+2 + u23i+3 =
A

A+B
,

where

A =

3i+3∑
j=3i+1

g2j ∼ χ2
3, B =

∑
j /∈{3i+1,3i+2,3i+3}

g2j ∼ χ2
d−3.

The variables A and B are independent because they are sums over disjoint Gaussian coordinates.
Since χ2

k = Gamma(k/2, 2), the standard gamma-ratio identity gives

ρ2i =
A

A+B
∼ Beta

(
3

2
,
d− 3

2

)
.

Finally, applying the change of variables x = ρ2i , dx = 2ρi dρi, yields

fρ(r) =
2r2(1− r2)(d−5)/2

B
(
3
2 ,

d−3
2

) , r ∈ [0, 1].

C Derivations

C.1 Magnitude-Direction Split (Equation 1)

For any nonzero key k ∈ Rd, set

γ = ∥k∥2, ũ = k/γ.

Then

∥ũ∥2 =
∥k∥2
γ

= 1,

so ũ ∈ Sd−1 and k = γũ. The implementation stores the original norm γ and divides by a clamped
positive denominator only to handle zero or tiny keys safely.

C.2 Sign-Flipped WHT Rotation (Equation 2)

Let Ds = diag(s) with si ∈ {±1}, and let H be the normalized Hadamard matrix. The implemented
rotation is

R = HDs, u = Rũ.

Because H⊤H = I and D⊤
s Ds = I ,

R⊤R = D⊤
s H

⊤HDs = I.

Thus R maps Sd−1 to itself. Since the normalized Hadamard is self-inverse, R−1 = R⊤ = DsH .
The same identity gives the rotated-frame inner product

q⊤k = γ q⊤R⊤u = γ (Rq)⊤u.
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C.3 Coordinate Marginal (Equation 3)

For u ∼ Unif(Sd−1), one coordinate U satisfies (U +1)/2 ∼ Beta(a, a) with a = (d− 1)/2. With
z = (u+ 1)/2 and dz/du = 1/2,

fU (u) =
1

2B(a, a)

(
1 + u

2

)a−1 (
1− u
2

)a−1

=
(1− u2)(d−3)/2

B((d− 1)/2, (d− 1)/2) 2d−2
, u ∈ [−1, 1].

This is the density implemented by the scalar MSE Lloyd-Max codebook. For OCTOPUS, it mainly
justifies the rotated-sphere prior; the default codec uses the triplet and octahedral marginals below.

C.4 Triplet Split (Section 3.2)

Pad u with zeros to length 3ntri and split the padded vector into contiguous triplets ti. Since padding
adds only zeros, ∑

i

∥ti∥22 = ∥u∥22 = 1.

Therefore 0 ≤ ρi = ∥ti∥2 ≤ 1. If ρi > 0, then

ni = ti/ρi, ∥ni∥2 = 1,

so ni ∈ S2 and ti = ρini. When ρi = 0, the direction is mathematically arbitrary; the reference and
Triton encoders use an ϵ-safe divisor to produce a finite placeholder.

C.5 Triplet-Norm Marginal (Equation 4)

Generate a uniform sphere point as u = z/∥z∥2 with zj
iid∼ N (0, 1). For any three-coordinate triplet,

ρ2i =
z21 + z22 + z23∑d

j=1 z
2
j

=
X

X + Y
,

where X ∼ χ2
3, Y ∼ χ2

d−3, and X,Y are independent. Hence

ρ2i ∼ Beta

(
3

2
,
d− 3

2

)
.

Let S = ρ2i and R = ρi. The change of variables s = r2 gives ds/dr = 2r, so

fR(r) = fS(r
2) 2r

=
2r(r2)1/2(1− r2)(d−5)/2

B(3/2, (d− 3)/2)

=
2r2(1− r2)(d−5)/2

B(3/2, (d− 3)/2)
, r ∈ [0, 1].

This is the density integrated by the implemented triplet-norm Lloyd-Max codebook.

C.6 Octahedral Encode (Equation 5)

For n = (x, y, z) ∈ S2, define ℓ = |x|+ |y|+ |z| and p = n/ℓ. Then |px|+ |py|+ |pz| = 1, so p
lies on the unit L1 octahedron. If pz ≥ 0, the upper face is already parameterized by (px, py). If
pz < 0, the lower face is folded into the square by

(ξ, η) = (sign(px)(1− |py|), sign(py)(1− |px|)) .

On the fold boundary pz = 0, the two branches agree because |px|+ |py| = 1. The implementation
uses the convention sign(0) = +1 and clamps denominators away from zero.
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C.7 Octahedral Decode (Equation 6)

Given (ξ, η) ∈ [−1, 1]2, set r = 1− |ξ| − |η|. If r ≥ 0, the point is on an unfolded upper face and
the unnormalized vector is (ξ, η, r). If r < 0, inverting the fold gives

ξ′ = sign(ξ)(1− |η|), η′ = sign(η)(1− |ξ|).
Thus, with (ξ′, η′) = (ξ, η) in the r ≥ 0 branch,

n(ξ, η) =
(ξ′, η′, r)

∥(ξ′, η′, r)∥2
.

The final normalization maps the octahedral surface back to S2; both the reference decoder and the
fused attention kernel implement this formula on dequantized oct-coordinate centroids.

C.8 Octahedral Marginal (Equation 7)

For the implemented fold, the induced density on the square is obtained by composing the affine octa-
hedral inverse with radial projection onto S2. On each triangular fold region, write the unnormalized
inverse as q(ξ, η). Uniform surface measure pulls back to

g(ξ, η) =
1

4π
∥q(ξ, η)∥−3

2 ,

because each affine face has unit volume factor in | det(q, ∂ξq, ∂ηq)|. By symmetry the marginal
depends only on a = |ξ|. Integrating the two inner and two folded vertical segments gives

fξ(ξ) =
1

2π

[∫ 1−a

0

ds

(a2 + s2 + (1− a− s)2)3/2
+

∫ a

0

ds

(s2 + (1− a)2 + (s− a)2)3/2

]
,

and evaluating the integrals yields

fξ(ξ) =
1

π
√
a2 + (1− a)2

(
1− a

1− 2a+ 3a2
+

a

2− 4a+ 3a2

)
, a = |ξ|.

The implementation does not evaluate this expression directly; it samples n ∼ Unif(S2), applies the
same octahedral fold, and trains a one-dimensional Lloyd-Max codebook on the empirical coordinate
marginal.

C.9 Triplet MSE Bound (Equation 8)

With ti = ρini and t̂i = ρ̂in̂i, add and subtract ρin̂i:

∥ti − t̂i∥22 = ∥ρi(ni − n̂i) + (ρi − ρ̂i)n̂i∥22
≤ 2ρ2i ∥ni − n̂i∥22 + 2(ρi − ρ̂i)2∥n̂i∥22
= 2(ρi − ρ̂i)2 + 2ρ2i ∥ni − n̂i∥22.

The last line uses ∥n̂i∥2 = 1, enforced by octahedral decode normalization.

C.10 Expected MSE Budget (Equation 9)

Under the Gaussian sphere construction above, the block radius and direction are independent: the
Gaussian block direction is uniform on S2, while the block and complement radii determine ρi. Also

E[ρ2i ] =
3/2

3/2 + (d− 3)/2
=

3

d
.

Taking expectations in the triplet bound and using high-rate scalar Lloyd-Max/Panter-Dite scaling,

E[(ρi − ρ̂i)2] ≈ Cρσ
2
ρ4

−bnrm , E[∥ni − n̂i∥22] ≈ Cnσ
2
n4

−bdir ,

gives
E
[
∥ti − t̂i∥22

]
≈ 2Cρσ

2
ρ4

−bnrm + 2E[ρ2i ]Cnσ
2
n4

−bdir

= 2Cρσ
2
ρ4

−bnrm + (6/d)Cnσ
2
n4

−bdir .

Here σ2
ρ denotes the variance of the scalar norm ρ, which is what the implementation quantizes.
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C.11 Lagrangian Bit Allocation (Equation 10)

Let
A = 2Cρσ

2
ρ, D =

6

d
Cnσ

2
n.

The high-rate objective is

f(bnrm, bdir) = A4−bnrm +D4−bdir , bnrm + 2bdir = Btri.

For the Lagrangian:

L = A4−bnrm +D4−bdir + λ(bnrm + 2bdir −Btri),

stationarity (deriving by bnrm and bdir and equating to 0) gives

−A log4 4−bnrm + λ = 0, −D log4 4−bdir + 2λ = 0.

Thus
A4−bnrm =

D

2
4−bdir ,

and

b⋆dir − b⋆nrm = log4

(
D

2A

)
= log4

(
3Cnσ

2
n

2dCρσ2
ρ

)
.

The factor of two in the denominator is the shadow price of spending one additional bit on each of
two octahedral coordinates.

C.12 Bit-Gap Scaling

The squared triplet norm has Var(ρ2i ) = O(d−2), but the implemented norm codebook quantizes ρi
itself. Since ρi = χ3/

√
d+ o(d−1/2) under the sphere prior,

σ2
ρ = Var(ρi) = O(d−1), σ2

n = O(1).
Substituting these scalings into the corrected stationarity condition gives

b⋆dir − b⋆nrm = O(1),
up to constants from the source densities and the octahedral metric. The implemented (b+ 1, b− 1)
split is therefore a finite-dimensional codebook choice supported by the empirical sweeps, not a
consequence of a growing asymptotic gap for direct ρ quantization.

C.13 Joint Rounding (Equation 12)

ℓ(ξ̂i, η̂i, ρ̂i) = ||ti − ρ̂in(ξ̂i, η̂i)||22 (14)

= ρ2i ||n(ξi, ηi)||22 − 2ρ̂it
⊤
i n(ξ̂i, η̂i) + ρ̂2i ||n(ξ̂i, η̂i)||22 (15)

= ρ2i − 2ρ̂isi(ξi, ηi) + ρ̂2i (16)

where ||n(ξi, ηi)||22 = n(ξ̂i, η̂i)||22 = 1, and si(ξ̂i, η̂i) = t⊤i n(ξ̂i, η̂i) i.e. the dot product of the true
vector and the quantized direction candidate. This means minimum of this parabola on ρ̂i occurs
exactly when ρ̂i = si. Therefore, the best quantized radius is NOT the centroid nearest to the true
radius (ρi), but the centroid nearest to the projected dot product (si).

C.14 Score Factorization (Equation 13)

The decoded key has k̂ = γR⊤û, so

q⊤k̂ = γ (Rq)⊤û = γ q⊤rotû.

The decoder reconstructs each rotated triplet as ûi = ρ̂in̂i, where

n̂i = Oct−1
(
Cξ[Idiri,0 ], Cξ[Idiri,1 ]

)
, ρ̂i = Cρ[Inrmi ].

Therefore

q⊤k̂ = γ

ntri−1∑
i=0

ρ̂i q
⊤
rot,in̂i.

The fused attention kernel applies the usual attention scale after this raw score is formed.
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Table 4: Diagonal bit-split sweep (b+δ, b−δ), relative to the uniform (b, b) reference. Synthetic
Gaussian keys, d=128, n=8192, 4 seeds. “∆ MSE” and “∆(1− cos)” are the percentage change
against the uniform (b, b) baseline at the same b; negative means the off-diagonal split improves
on uniform. “invalid” marks diagonal endpoints with a zero-bit component (no codebook). The
implemented split sits at δ=+1 for every b ∈ {2, 3, 4} and is the unique diagonal step that reduces
MSE versus uniform.

b δ bdir bnrm MSE 1− cos ∆ MSE vs (b, b) ∆(1− cos) vs (b, b)

2 −1 1 3 0.4555 0.2628 +223.3% +260.3%
2 0 2 2 0.1409 0.0729 0.0% (ref) 0.0% (ref)
2 +1 3 1 0.0831 0.0421 −41.0% −42.4%

3 −2 1 5 0.4501 0.2593 +1104.8% +1279.8%
3 −1 2 4 0.1273 0.0658 +240.6% +250.2%
3 0 3 3 0.0374 0.0188 0.0% (ref) 0.0% (ref)
3 +1 4 2 0.0243 0.0120 −35.0% −36.1%
3 +2 5 1 0.0537 0.0268 +43.8% +42.8%

4 −2 2 6 0.1262 0.0653 +1217.1% +1265.3%
4 −1 3 5 0.0332 0.0168 +246.8% +250.5%
4 0 4 4 0.0096 0.0048 0.0% (ref) 0.0% (ref)
4 +1 5 3 0.0067 0.0033 −30.5% −31.7%
4 +2 6 2 0.0166 0.0081 +72.9% +69.7%

C.15 QJL Residual Estimator

Let r = u− û and γr = ∥r∥2. For an independent ideal QJL projection R′, store

σ = sign(R′r) ∈ {±1}d.

For a = qrot, the asymmetric one-bit estimator is

ẑ(a, r) =

√
π

2d
γr (R

′a)⊤sign(R′r).

Under the ideal QJL model,

E
[
(R′a)jsign((R

′r)j)
]
=

√
2

πd

a⊤r

γr
.

Summing over d coordinates and multiplying by
√
π/(2d) γr gives

E[ẑ(a, r)] = a⊤r.

Since q⊤k = γ q⊤rot(û+ r), the corrected score is

q⊤k̂ + γ ẑ(qrot, r).

The implementation uses the same scaling with a structured WHT projection and stores γr in fp16,
so exact unbiasedness is the ideal-model statement.

D Bit-allocation sweep

We sweep the diagonal (b+δ, b−δ), δ ∈ {−2,−1, 0,+1,+2}, around each uniform reference
b ∈ {2, 3, 4} on n=8192 random Gaussian keys at d=128, averaged over 4 rotation seeds. Table 4 is
the diagonal sweep with every entry expressed relative to the uniform (b, b) baseline.

E Rounding ablation

Table 5 reports the four rounding modes supported by the reference encoder (Sec. 3.5) at matched
bits. All modes share the same bitstream and decoder, so this is a pure encoder ablation. Metrics
are averaged over five seeds on n=4096 random Gaussian keys at d=128 with nquery=64. tail95 is
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Table 5: OCTOPUS rounding-mode ablation. Scalar rounding vs. the joint-rounding variants of
Sec. 3.5. “∆ tail95” is the percentage change in the 95th-percentile squared error relative to the scalar
baseline. The 3×3 local search is byte-identical to the full direction search at every bit width tested.

b rounding cos ↑ MSE ↓ tail95 ↓ |ip err| ↓ ∆ MSE ∆ tail95

1 scalar 0.692 0.6022 0.7935 7.065 – –
1 local_2×2 0.703 0.5172 0.6664 6.554 −14.1% −16.0%
1 local_3×3 0.703 0.5172 0.6664 6.554 −14.1% −16.0%
1 full 0.703 0.5172 0.6664 6.554 −14.1% −16.0%

2 scalar 0.955 0.0897 0.1205 2.722 – –
2 local_2×2 0.957 0.0858 0.1152 2.662 −4.4% −4.3%
2 local_3×3 0.958 0.0832 0.1119 2.620 −7.2% −7.1%
2 full 0.958 0.0832 0.1119 2.620 −7.2% −7.1%

3 scalar 0.987 0.0261 0.0365 1.464 – –
3 local_2×2 0.988 0.0250 0.0351 1.433 −4.0% −3.7%
3 local_3×3 0.988 0.0243 0.0343 1.414 −6.6% −5.9%
3 full 0.988 0.0243 0.0343 1.414 −6.6% −5.9%

4 scalar 0.997 0.0071 0.0102 0.763 – –
4 local_2×2 0.997 0.0068 0.0098 0.749 −3.8% −3.6%
4 local_3×3 0.997 0.0067 0.0096 0.739 −6.1% −5.7%
4 full 0.997 0.0067 0.0096 0.739 −6.1% −5.7%

the 95th-percentile per-key squared reconstruction error. The full-codebook direction search is the
joint-optimum upper bound reachable with this (Cξ, Cρ) pair; local_3x3 is the implemented default
of Algorithm 1.

Takeaways consistent with the tangent-frame survey of Kapoulkine [21]: optimal rounding mostly
shifts the encoder, not the codebook; the gain is largest at the tightest bit budgets (where one
misrounding consumes a large fraction of the remaining precision); and a small local neighborhood
suffices in practice. The implemented 3×3 search gives a uniform 6–14% MSE reduction at matched
bit rate with zero change to the bitstream format or the decoder. Because only the encoder is affected,
previously serialised scalar-rounded states remain valid; the joint-rounding improvement applies
to every new OCTOPUS state produced under the default encoder, including the OCTOPUS-QJL
variant whose residual stage sees a correspondingly smaller Stage-A error.

F QJL effective-rate accounting

Table 6 spells out the effective-rate cost of adding the one-bit residual side-car described in Sec. 3.6.

G Kernel speed and KV compression

Table 7 reports wall-clock encode and decode times on a single NVIDIA H200 (B=1, median of 50
runs after 30 warm-up iterations) at each modality’s full sequence length. The SDPA bf16 baseline
uses pre-cast bf16 KV tensors for decode (no per-step cast overhead); its “encode” column reports
the one-time fp32→bf16 copy cost.

The fused decode kernels add 5–11× overhead vs. the highly optimised cuDNN SDPA bf16 path,
decreasing at lower bit widths as the packed data shrinks. This overhead is inherent: each decode step
fuses decompression—centroid lookup (TQ-MSE) or octahedral reconstruction (OCTOPUS)—into
the attention loop, trading compute for the KV memory savings reported in the last column. TQ-MSE
encode is lightweight (≤2ms even at 65k tokens); OCTOPUS encode uses a Kronecker-factored
WHT and direct triad indexing, bringing the per-token cost to≈0.08µs (dh=128), which is negligible
for auto-regressive LLM decode and small relative to diffusion denoising for video.
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Table 6: QJL effective-rate accounting. Effective bits per KV scalar (analytically computed from the
codec configuration: nominalK/V bits + g=32/16 group metadata + 1-bit JL residual + scale storage)
compared at matched nominal bits. OCTOPUS-QJL adds a 1-bit JL residual on top of OCTOPUS,
raising the effective rate by exactly 0.5 bits per scalar and giving up roughly that much reconstruction
headroom inside the standard dequantize-then-dot attention path. We therefore recommend the QJL
variant only for score-attention deployments where the residual is consumed by a custom kernel.

modality nominal b bits/scalar metric QJL bits/scalar QJL metric

LLM (WikiText-2↓) 4 4.50 10.306 5.00 10.306
3 3.50 10.753 4.00 10.754
2 2.50 13.517 3.00 13.511

CausVid (LPIPS↓) 4 6.92 0.038 7.40 0.038
3 5.98 0.078 6.46 0.078
2 5.15 0.178 5.63 0.178

Causal Forcing (LPIPS↓) 4 5.91 0.309 6.45 0.310
3 4.87 0.390 5.40 0.389
2 3.95 0.581 4.48 0.581

AAR (LSD dB↓) 4 7.24 6.20 7.59 6.17
3 6.58 6.45 6.93 6.43
2 6.06 6.75 6.40 6.88

H Long-context needle-in-a-haystack sweep

Table 8 expands the long-context retrieval summary from Sec. 4.2 across the full context-length and
bit-width grid.

I Memory-budget Pareto

Figure 4 recasts the LLM results as a deployment memory trade-off, making the Pareto frontier
visible at fixed context length.

J Full per-modality tables

Table 9, Table 10, and Table 11 provide the per-codec metrics behind the modality summary in
Sec. 4.3.

K Stills

Figure 5 shows representative worst-case frames for the video codecs, complementing the aggregate
LPIPS/PSNR/SSIM numbers in Sec. 4.3.
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Table 7: Encode / decode kernel speed and KV compression. Per decode step on a single NVIDIA
H200. “Encode” is the Triton compression time for T key-value tokens; “Decode” is a single
fused-attention query against T compressed tokens. SDPA bf16 encode is the bf16 KV copy baseline.
OCTOPUS encode uses the 3×3 joint rounding search (Sec. 3.5). KV ratio = bf16 bytes / compressed
bytes.

b codec encode (ms) decode (ms) dec / base KV ratio

Video (Wan-1.3B, H=16, dh=64, g=32, T=32,760)
– SDPA bf16 0.11 0.06 1.0× 1.0×
4 OCTOPUS 3.8 0.59 10.4× 2.8×
4 TQ-MSE 2.0 0.48 8.5× 3.0×
3 OCTOPUS 3.6 0.50 8.9× 3.6×
3 TQ-MSE 2.1 0.45 7.9× 3.8×
2 OCTOPUS 3.6 0.49 8.6× 4.5×
2 TQ-MSE 2.0 0.34 6.0× 4.9×
Audio (AAR, H=16, dh=64, g=16, T=455)
– SDPA bf16 0.02 0.03 1.0× 1.0×
4 OCTOPUS 0.10 0.15 5.9× 2.4×
4 TQ-MSE 0.19 0.15 5.6× 2.6×
3 OCTOPUS 0.10 0.16 5.9× 2.9×
3 TQ-MSE 0.24 0.15 5.6× 3.0×
2 OCTOPUS 0.10 0.16 6.0× 3.5×
2 TQ-MSE 0.19 0.15 5.8× 3.8×
LLM (Qwen2.5-7B GQA, Hkv=4, dh=128, g=32, T=65,536)
– SDPA bf16 0.11 0.06 1.0× 1.0×
4 OCTOPUS 5.2 0.66 11.3× 3.0×
4 TQ-MSE 1.5 0.37 6.4× 3.1×
3 OCTOPUS 4.6 0.55 9.4× 3.7×
3 TQ-MSE 1.6 0.33 5.7× 3.9×
2 OCTOPUS 4.5 0.52 8.9× 4.8×
2 TQ-MSE 1.5 0.28 4.9× 5.1×

Table 8: Multi-key needle-in-a-haystack recall on Qwen2.5-7B-Instruct-1M. RULER-style
multi-key protocol: each cell plants four distractor needles plus one target needle, each carrying
a fresh random 8-character alphanumeric magic value; scoring is exact-match on the target value.
Recall is averaged over 5 depth offsets {0.0, 0.25, 0.5, 0.75, 1.0} per context length. Higher is better.
Per column, the best rank is bold (every tied codec); the runner-up is underlined only when the
column has at least three distinct values, and a saturated column (every codec at the same recall) is
left unhighlighted.

bits codec 4k 8k 16k 32k 64k 128k

– fp16 baseline 1.00 1.00 1.00 1.00 1.00 1.00

4 TurboQuant-MSE 1.00 1.00 1.00 1.00 1.00 1.00
4 TurboQuant-QJL 1.00 1.00 1.00 1.00 1.00 1.00
4 PolarQuant 1.00 1.00 1.00 1.00 1.00 1.00
4 OCTOPUS 1.00 1.00 1.00 1.00 1.00 1.00
4 OCTOPUS-QJL 1.00 0.95 1.00 1.00 1.00 1.00

3 TurboQuant-MSE 1.00 1.00 1.00 1.00 1.00 1.00
3 TurboQuant-QJL 0.80 0.65 0.75 0.60 0.55 0.65
3 PolarQuant 0.90 0.75 0.75 0.90 1.00 0.85
3 OCTOPUS 1.00 1.00 1.00 1.00 1.00 1.00
3 OCTOPUS-QJL 1.00 1.00 1.00 1.00 1.00 1.00

2 TurboQuant-MSE 0.85 0.70 0.60 0.50 0.65 0.55
2 TurboQuant-QJL 0.05 0.00 0.00 0.00 0.00 0.00
2 PolarQuant 0.05 0.05 0.05 0.05 0.05 0.00
2 OCTOPUS 0.85 0.90 0.80 0.75 0.85 0.70
2 OCTOPUS-QJL 0.80 0.85 0.80 0.85 0.90 0.75
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Figure 4: LLM quality at fixed deployment memory. WikiText-2 perplexity vs. KV-cache memory
at 32,768-token context for Qwen2.5-7B-Instruct-1M. The probe-time kv_cache_bytes is lin-
early extrapolated from the sweep’s measurement window to 32k tokens, so the x-axis is the memory
budget a deployment actually pays. OCTOPUS dominates the Pareto frontier across the full memory
range; OCTOPUS-QJL trails slightly because the 1-bit JL residual costs a constant ∼60MB but does
not move the reconstruction-quality curve at this context length.

Table 9: CausVid video generation, expanded. Default recipe (residual window = 1 frame, V
group g=32, no per-layer boundary protection). All five codecs at the same recipe so only the codec
varies. Higher is better for PSNR/SSIM/CLIP/latent-cos; lower for LPIPS. Best per bit width is bold,
runner-up underlined.

bits codec compr. LPIPS ↓ PSNR ↑ SSIM ↑ CLIP ↑ lat-cos ↑
4 TurboQuant-MSE 2.40× 0.0454 26.47 0.8807 0.3168 0.9894
4 TurboQuant-QJL 2.38× 0.0963 22.62 0.8051 0.3175 0.9680
4 PolarQuant 2.42× 0.0369 27.82 0.8984 0.3171 0.9922
4 OCTOPUS 2.31× 0.0380 27.52 0.8945 0.3175 0.9920
4 OCTOPUS-QJL 2.16× 0.0380 27.52 0.8946 0.3174 0.9922

3 TurboQuant-MSE 2.75× 0.0975 22.56 0.8029 0.3172 0.9674
3 TurboQuant-QJL 2.72× 0.2621 17.81 0.6402 0.3204 0.8707
3 PolarQuant 2.77× 0.0928 22.84 0.8111 0.3168 0.9682
3 OCTOPUS 2.67× 0.0777 23.72 0.8298 0.3172 0.9754
3 OCTOPUS-QJL 2.48× 0.0778 23.71 0.8297 0.3173 0.9754

2 TurboQuant-MSE 3.22× 0.2611 17.87 0.6429 0.3211 0.8717
2 TurboQuant-QJL 3.19× 0.5790 13.10 0.4503 0.3067 0.5110
2 PolarQuant 3.26× 0.2514 17.93 0.6618 0.3171 0.8728
2 OCTOPUS 3.11× 0.1784 19.68 0.7190 0.3180 0.9225
2 OCTOPUS-QJL 2.84× 0.1783 19.68 0.7192 0.3179 0.9226
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Table 10: Causal Forcing video generation, expanded. Same recipe and conventions as Table 9.
bits codec compr. LPIPS ↓ PSNR ↑ SSIM ↑ CLIP ↑ lat-cos ↑
4 TurboQuant-MSE 2.84× 0.3339 14.58 0.5547 0.3163 0.8051
4 TurboQuant-QJL 2.81× 0.4213 13.09 0.4884 0.3169 0.7374
4 PolarQuant 2.87× 0.3009 15.41 0.5850 0.3156 0.8275
4 OCTOPUS 2.71× 0.3093 15.21 0.5757 0.3152 0.8192
4 OCTOPUS-QJL 2.48× 0.3103 15.23 0.5775 0.3162 0.8190

3 TurboQuant-MSE 3.41× 0.4225 13.10 0.4861 0.3174 0.7347
3 TurboQuant-QJL 3.37× 0.7786 8.42 0.1664 0.1513 0.2497
3 PolarQuant 3.46× 0.4018 13.06 0.4971 0.3144 0.7471
3 OCTOPUS 3.29× 0.3904 13.48 0.5090 0.3157 0.7594
3 OCTOPUS-QJL 2.96× 0.3892 13.54 0.5123 0.3158 0.7627

2 TurboQuant-MSE 4.28× 0.7770 8.45 0.1664 0.1499 0.2508
2 TurboQuant-QJL 4.21× 0.8164 7.10 0.1106 0.0845 0.1481
2 PolarQuant 4.35× 0.7273 8.62 0.2155 0.2089 0.2984
2 OCTOPUS 4.05× 0.5808 10.90 0.3593 0.3024 0.5618
2 OCTOPUS-QJL 3.57× 0.5808 10.89 0.3577 0.3034 0.5592

Table 11: Autoregressive audio (AAR), expanded. Metrics averaged over 100 random 10 s AudioSet-
20k clips used as CLAP-audio conditioning at the default recipe (residual window 1 scale, V group
g=16, no per-layer protection). Best per bit width is bold, runner-up underlined.

bits codec compr. LSD ↓ mel-MSE ↓ SNR ↑ lat-cos ↑
4 TurboQuant-MSE 2.29× 6.36 0.2191 2.07 –
4 TurboQuant-QJL 2.26× 6.24 0.2284 1.80 –
4 PolarQuant 2.31× 6.28 0.2130 2.23 –
4 OCTOPUS 2.21× 6.20 0.2134 2.22 –
4 OCTOPUS-QJL 2.11× 6.17 0.2104 2.19 –

3 TurboQuant-MSE 2.48× 6.48 0.2377 1.55 –
3 TurboQuant-QJL 2.46× 12.72 1.4883 -5.44 –
3 PolarQuant 2.51× 6.34 0.2279 1.71 –
3 OCTOPUS 2.43× 6.45 0.2343 1.51 –
3 OCTOPUS-QJL 2.31× 6.43 0.2346 1.60 –

2 TurboQuant-MSE 2.72× 12.65 1.4547 -5.30 –
2 TurboQuant-QJL 2.69× 13.17 1.6676 -5.98 –
2 PolarQuant 2.75× 12.59 1.4325 -5.28 –
2 OCTOPUS 2.64× 6.75 0.3171 1.07 –
2 OCTOPUS-QJL 2.50× 6.88 0.3240 0.97 –
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Figure 5: Worst-case codec divergence across bit depths. Each panel shows the single frame with
the highest combined cross-codec L1 divergence from the fp16 baseline (same frame index for both
pipelines). Rows: b=4, 3, 2; columns: baseline and each codec. OCTOPUS remains visually faithful
at every bit width; competing codecs collapse at b≤3.

24


	Introduction
	Related Work
	Method
	Rotation preconditioning
	Triplet decomposition and octahedral coordinates
	MSE-optimal bit allocation
	Codebooks
	Joint rounding of (i,i,i)
	Score path and the optional 1-bit QJL residual

	Experiments
	Synthetic rate-quality and needle retrieval
	Long-context language modelling (Qwen2.5-7B-Instruct-1M)
	Autoregressive video and audio
	Cross-modality patterns

	Conclusion
	Encoder and decoder algorithms
	Mathematical details
	Derivations
	Magnitude-Direction Split (Equation 1)
	Sign-Flipped WHT Rotation (Equation 2)
	Coordinate Marginal (Equation 3)
	Triplet Split (Section 3.2)
	Triplet-Norm Marginal (Equation 4)
	Octahedral Encode (Equation 5)
	Octahedral Decode (Equation 6)
	Octahedral Marginal (Equation 7)
	Triplet MSE Bound (Equation 8)
	Expected MSE Budget (Equation 9)
	Lagrangian Bit Allocation (Equation 10)
	Bit-Gap Scaling
	Joint Rounding (Equation 12)
	Score Factorization (Equation 13)
	QJL Residual Estimator

	Bit-allocation sweep
	Rounding ablation
	QJL effective-rate accounting
	Kernel speed and KV compression
	Long-context needle-in-a-haystack sweep
	Memory-budget Pareto
	Full per-modality tables
	Stills

